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The collective non-equilibrium dynamics of superconducting condensates could not be studied
systematically so far. The response in conventional optical pump-probe experiments contains almost
no information on the actual ground state, since it is limited to high-energy processes. Recent
development of pulsed THz laser technology has made it possible to excite superconducting Higgs
oscillations, without melting the superconducting order. Here we develop a theory for tailored
quantum quenches which can excite all possible symmetries of Higgs oscillations. In analogy to
phonon spectroscopy, these oscillations allow for a complete characterization of the superconducting
gap function. Simulations for realistic laser pulses reveal spectroscopic information of these Higgs
oscillations in the optical conductivity. By exemplary calculating the nonequilibrium response of s-
and d-wave superconductors we show, that such nonequilibrium Higgs spectroscopy opens a unique
approach to distinguish between different symmetries of the condensate, even for new and unknown
superconductors.
I. INTRODUCTION
Spectroscopy is one of the most used tools in physics in
order to examine the dynamics and structure of matter,
from the level of atomic spectroscopy, which allows one
to determine the energy structure of single atoms and
molecules, through nuclear magnetic resonance (NMR)
spectroscopy to phonon spectroscopy of crystals using
Raman scattering. In all these techniques, symmetry
plays a crucial role.
In crystals one of the most important symmetries is the
point group of the underlying lattice, because the allowed
phonon modes correspond to the irreducible representa-
tions of the point group. Thus the maximum number of
expected modes is predicted by group theory. Using the
polarization selection rules for Raman scattering [1] al-
lows us to directly address different symmetry channels,
because the excitations in the material have the symme-
try imposed on them by the light orientation. Thus we
can directly map and classify the symmetries of ground
and excited states based on light-matter scattering.
While this approach is well established in phonon spec-
troscopy, it is not straightforward to generalize it to other
symmetry broken states, such as superconducting con-
densates. Here the Higgs mode is the collective excitation
similar to the phonon of lattice systems. Unfortunately
the Higgs mode is not easily examinable, because it can-
not be probed by linear-response-type measurements, as
it is charge neutral and therefore does not couple directly
to the electromagnetic field. There is, however, a much
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weaker nonlinear coupling [2–4] of the Higgs mode to the
electromagnetic field, see Fig. 1a.
The Higgs oscillation can be understood as a massive
excitation along the radial direction in the Mexican hat
potential of the free energy [5–8]. Several mechanisms
have been investigated in order to start Higgs oscillations
in superconducting systems [9–12].
Phenomenologically the following instructive picture can
be drawn: Higgs oscillations can be excited by taking
the superconductor out of equilibrium, for example by
an ultrafast intense THz laser pulse [13–25]. In this case,
Cooper pairs are partially broken and the landscape of
the free energy changes suddenly, i.e. the Mexican hat
shrinks. Thus the THz laser pulse acts like a quantum
quench, reflecting the impulsive character of the light
pulse. As long as this process is faster than the time
scale of the condensate, given by τ∆ = ~/(2∆), where
2∆ is the energy gap of the superconductor, the con-
densate is unable to follow the minimum of free energy
adiabatically [26, 27]. Consequently, the collective Higgs
oscillation of the condensate is excited, as sketched in
Fig. 1b.
In order to excite Higgs oscillations, the laser pulse must
fulfil two conditions. On the one hand, the pulse should
only excite a small fraction of the Cooper pairs, enough
to have a significant quench of the Mexican hat, but not
too many that the superconducting signatures would
be screened by hot electrons. More specifically, a short
optical pulse far above gap frequencies induces a strong
Drude-Peak in the optical conductivity, which would
overlap with the weak signal of the Higgs oscillations.
Instead a suitable pulse corresponds to a peak located in
or close to the gap, which only slightly overlaps with the
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2FIG. 1. Illustration of Higgs oscillations in a superconductor. a) Feynman diagram describing the excitation of a
Higgs mode H by a light field ~A. b) Free energy landscape F of a superconductor as function of the real and imaginary part
of the superconducting gap. After a quench the free energy is suddenly changed, exciting the superconducting condensate and
leading to collective Higgs oscillations, indicated by a black arrow. The red arrow indicates a quench by a THz pump pulse. c)
Higgs excitation mechanism using a THz pump pulse. The pump pulse only slightly overlaps with the quasi-particle continuum
indicated in blue. The Mexican hat shrinks due to the breaking of Cooper pairs. To excite the Higgs oscillation the pulse must
fulfil the nonadiabacity condition in time domain.
continuum of quasi-particles, see left side of Fig. 1c. On
the other hand the pulse must fulfil the non-adiabacity
condition, which implies a short laser pulse (right side
of Fig. 1c) and hence requires the broad spectrum in
energy domain (rather than a narrow band multicycle
pulse tuned close to the gap). For typical gaps in the
meV regime, a single cycle THz laser pulse is exactly
on the brink of these two regimes [28], allowing for
an excitation of the Higgs oscillations without heating
the system too much. For thin films of the s-wave
superconductor Nb1−xTixN, this approach has already
been implemented successfully in experiments [8, 29–31].
Note that the breaking of Cooper pairs is accompanied
by transfer of momentum 2q. This reflects the finite
quadrupol moment of the excitations. For a THz pump
pulse the corresponding wavelength is in the same order
of magnitude as the coherence length of the Cooper
pairs ξ−1 ∝ |2q|.
In this article we show that nonequilibrium Higgs spec-
troscopy offers a unique way to investigate the symmetry
and collective excitation spectrum of superconductors.
Depending on the symmetry of the excitation mechanism
and the ground state of the system, Higgs oscillations
with different frequencies can be induced and identified.
In strong correspondence to phonon spectroscopy, this
allows us to completely characterize the nature of
a superconducting condensate with a single class of
experiments, repeated at various momentum points.
II. HIGGS SPECTROSCOPY
While the nonequilibrium probe of collective excita-
tions in conventional s-wave superconductors has been
studied intensively [26, 29, 30, 32], the response for un-
conventional superconductors is still at its infancy. In
view of the promising results so far, the question arises:
How can we transfer the phonon spectroscopy technique
to collective modes in superconductors? These systems
often exhibit very complicated correlations [33–35] and a
variety of different mechanisms which can lead to super-
conductivity. If we want to examine the nonequilibrium
response of the coherent condensate of such superconduc-
tors in general, we have to go back to the fundamental
properties of these systems: The symmetry of the lattice.
According to group theory, every configuration of the
condensate at a given time can always be decomposed
with respect to the different irreducible representations
3Symmetry
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TABLE I. Higgs spectroscopy Possible Higgs oscillations for a D4h point group symmetry of the lattice. Depending on
quench symmetries, the possible modes are shown for s, dx2−y2 and dxy gap functions. The number and position of the modes
are indicated by symbols. For d-wave we expect one or two modes, depending on the quench symmetry. To excite the modes
with a maximal response on the quench, the incident angle φ between the pump pulse momentum q and the axis kx is given
in the last column, see also Section III.
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x2-y2
FIG. 2. Illustration of d-wave Higgs oscillation sym-
metries. Possible Higgs oscillation symmetries for a dx2−y2 -
wave superconductor with point group symmetry D4h of the
underlying lattice. The arrows indicates the motion of the
lobes as a function of time. The notation of the symmetry
stresses the initial state, from which the modes are excited.
Note that during such a quantum quench, quasi-particles are
excited as well, which are in general gapless for a d-wave
superconductor. Thus the collective Higgs mode is located
within a continuum of quasi-particle pairs making it a reso-
nance with some width.
of the point group symmetry of the lattice. As an ex-
ample, we take a superconductor on a lattice with D4h
space group symmetry, which is the lattice symmetry of
cuprate high-Tc superconductors. Based on this argu-
ment, there are four different irreducible representations
for the possible gap symmetries: A1g, A2g, B1g and B2g.
The Higgs oscillations can always be decomposed into the
contributions from these sectors.
The strong excitation is achieved experimentally by short
intense laser pulses [36–41]. Theoretically, we start by
considering a quench of the initial state. Every quan-
tum quench deforms the gap function from its equilib-
rium value, which then can be decomposed into contri-
butions from different irreducible representations. Tak-
ing for example a momentum independent quench would
only probe the A1g channel of the condensate [42], but
does not couple to other allowed modes. The solution
to address also the other possible modes is to modify
the quench and make it momentum depended, so that
we can probe other symmetry sectors as well. For exam-
ple in case of dx2−y2-wave superconductivity, the possible
modes are shown in Fig. 2.
In order to illustrate this concept, we performed numeri-
cal exact simulations for s- and d-wave BCS superconduc-
tors to study the nonequilibrium response to k-dependent
quantum quenches. The Hamiltonian we are investigat-
ing is given by
HBCS = H0 −W
∑
k,k′
f(k)f(k′)c†k,↑c
†
−k,↓c−k′,↓ck′,↑, (1)
with f(k) describing the symmetry of the interaction, W
the interaction strength, and the normal state Hamilto-
nian H0 =
∑
k,σ kc
†
k,σck,σ, where c
†
k,σ creates electrons
with momentum k and spin σ. Within the BCS solution,
4the gap is determined by
∆0,k = Wf(k)
∑
k′∈W
f(k′)〈c−k′,↓ck′,↑〉. (2)
Now we perform a quantum quench, by changing the
symmetry of the quasi-particle distribution 〈c−k′,↓ck′,↑〉
slightly away from its equilibrium value. Note that
we do not change the symmetry of the gap, it always
remains in a single symmetry sector. For details, please
see supplemental material S1. After the quench we
calculate the Higgs oscilllation of the order parameter
as function of time. For the temporal evolution we use
the density matrix formalism [15], which is exact for the
Hamiltonian in (1). Our main results are summarized
in Tab. I. For a given gap function, there are different
oscillations possible for the Higgs mode, which can be
excited depending on the symmetry of the quench. This
approach closely follows the idea of Raman and phonon
spectroscopy, but due to the nature of the Higgs mode,
it can only be observed in a nonequilibrium setup.
Thus a modified notation is required, which takes the
gap symmetry into account. We add as an additional
information the gap symmetry as as subscript and the
oscillation symmetry as a superscript to the group the-
oretic notation. The resulting classification for the D4h
point group can be found in the second column of Tab.
I. We observe, that not only the symmetric A1g mode
is excited, but a second low energy mode can appear
in the spectrum of the gap oscillations. Two examples
for this observation are shown in Fig. 3. On the left
hand side, we see the Higgs oscillations of the dx2−y2
gap after a quench in the A1gx2−y2 channel and in the
B1gx2−y2 channel. A symmetric A
1g
s quench for a s-wave
superconductor is shown in black for comparison. We
highlight that the d-wave oscillations decay much faster
than the s-wave oscillations. This can be traced back to
the stronger dephasing of the mode due to coupling to
the gapless quasi-particles in the d-wave case. The final
value of the gap, i.e. ∆∞, depends on the strength of
the quench, i.e. how strongly the initial states deviate
from the equilibrium state [43, 44]. The right hand
side of Fig. 3 shows the Fourier transform of the Higgs
oscillations. The large peak at 2∆∞ corresponds to the
symmetric A1gx2−y2 mode. Most importantly a second low
energy peak is visible in the B1gx2−y2 channel for d-wave
superconductors. This mode does not exist for pure
s-wave superconductors and it is also not excitable by
a highly symmetric A1gx2−y2 quench. Similarly for other
combinations of gap and quench symmetries additional
modes can be identified. Thus there exists a direct
connection between the symmetry of the gap and the
existence of low energy Higgs modes. Note that although
the B2gx2−y2 mode is not a highly symmetric quench,
it shows no low energy peak. Hence, the important
conclusion is possible, that for a full analysis of the
gap structure, information from all possible quench
symmetries is required.
To understand the nature of the second mode in more
detail, we performed a linear analysis of the gap dynam-
ics after a quantum quench. Specifically, we analytically
compute the dynamics of the gap according to the ex-
pansion
∆(t) = ∆(0) + δ∆(t), (3)
in first order of δ∆(t) for different initial states. Here
∆(0) is the gap for time t = 0+ for very small  directly
after the quantum quench. Transforming into Laplace
space allows us to identify the leading contributions to
the gap dynamics and leads to the expression
δ∆(s)
∆0
=
F2(s)
1− F1(s) (4)
where ∆0 is the equilibrium gap and
F2(s) ∝ (5)∫ 2pi
0
dϕ
f(ϕ)(∆0f
′(ϕ)−∆(0)f(ϕ))√
s2 + 4∆20(f(ϕ)
2 − f ′(ϕ)2)
√
s2 + 4∆20f(ϕ)
2
. . . ,
where the dots imply a weight function. In the de-
nominator of F2 we see a low energy scale appearing,
f(ϕ)2 − f ′(ϕ)2, which corresponds to the second mode
in the numerical calculations. Thus we can clearly trace
back the second mode to the difference in the symmetry
between the quench and the condensate.
Note that f ′(ϕ) describes the symmetry of the quantum
quench. For example in a A1gx2−y2 quench the symmetry
of the quantum quench is proportional to cos(2ϕ). In
these expressions we assumed, that the symmetry func-
tions primarily depend on the angle ϕ between k and kx.
For details, please see supplemental material S1.
In this section we have shown, that nonequilibrium Higgs
oscillations can be used as an efficient tool, to completely
classify the ground state symmetry of a superconduct-
ing condensate. We used a lattice with D4h space group
symmetry to compute the possible s- and d-wave Higgs
oscillations and introduced a new notation to account for
the symmetry of the quench. Our analysis given in Tab.
I, clearly shows that the presence of Higgs modes serves
as an identifier for the symmetries of the ground state.
This scheme can be easily generalized to all possible su-
perconducting gaps. It is also applicable in multi-band
scenarios, where even more effects determine the response
of the condensate [26].
III. REALISTIC PULSE.
So far we concentrated our analysis on quantum
quenches, which we classified according to the symmetry
of their initial deformation. To show that these results
also carry over to more realistic scenarios, we calculate
50.9
0.95
1
1.05
0 1 2 3 4 5 6
a
|∆
(t
)/
∆
0|
t [ps]
A1gs
A1gx2−y2
B1gx2−y2
0
0.2
0.4
0.6
0.8
1
0.5 1
d-wave
s-wave
b
F
T
|∆
(t
)/
∆
0|
(a
.u
.)
ω [2∆∞]
FIG. 3. d-wave Higgs oscillations. a) Numerically exact simulation of the Higgs oscillations induced by various quench
symmetries for a dx2−y2 -wave superconductor. The blue lines show the gap oscillations as function of time. The black solid
line shows an s-wave quench for an s-wave superconductor for comparison . b) Fourier spectrum of the Higgs oscillations. The
A1g
x2−y2 oscillation shows a single peak, similar to the s-wave case (shown in solid black). The peak position corresponds to
2∆∞ which is two times the maximum of the gap for t → ∞ after the quench. In the channel B1gx2−y2 a second peak at low
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FIG. 4. d-wave optical conductivity after excitation with a pump pulse. Real part of the optical conductivity Re
σ(∆t, ω) after a realistic pump pulse for incident angles a) φ = 0 and b) φ = pi/4 for a dx2−y2 -wave superconductor. The pump
pulse parameters are τp = 0.4 ps, |Ap| = 7 · 10−8 Js/Cm and ~ω = 3 meV for the pump pulse and ~ω = 2.5 meV. The vertial
axis denotes the time delay between the excitation of the system with the pump pulse and the probe pulse. The horizontal axis
denotes frequency ω. The oscillation frequencies in ∆t correspond to the Higgs modes given in Tab. I, see also supplemental
material S5.
the response of a dx2−y2 -wave BCS superconductor
coupled to a laser field. So called pump-probe exper-
iments have been used to study the excitation and
relaxation processes of superconductors [37–39, 45, 46].
In a pump-probe experiment the pump pulse excites
the system and after a delay time the probe pulse
measures various properties of the transient dynamics
of the system. Varying the delay time, the temporal
evolution of the system after a perturbation can be
studied. The Hamiltonian describing the pump and
probe pulses, is given in the supplemental material S1.
We assume a short and intense THz laser pump pulse
which excites the condensate in an anisotropic fashion
and the superconducting gap starts to oscillate. For all
pulses we fixed the pulse duration to τ = 0.4 ps. With
this choice we are in the nonadiabatic regime, where a
generation of collective modes is possible. Further, we
varied the direction of the light wave vector q to study
the dependence of the optical conductivity on the pump
pulse. Thus we define the angle φ between q and the
kx axis of the superconductor. By choosing the angle of
the pump pulse, the A1gx2−y2 as well as the B
1g
x2−y2 Higgs
oscillations can be addressed selectively (see last column
of Tab. I and Fig. S2 in the supplemental material). We
6compared both methods, quantum quench and pump
pulse, in the supplemental material S3. Besides the time
evolution of the gap, the pump-probe optical conduc-
tivity provides an experimental fingerprint to observe
Higgs oscillations as well. This was explicitly shown in
case of s-wave symmetry, i.e. as the oscillation of the
conductivity depending on the delay time [18]. Thus
we use a pump pulse to induce the Higgs oscillations
and a much weaker probe pulse to measure the optical
conductivity. The specific form of the single cycle pump
pulse was measured experimentally and is implemented
in the equation of motion, see also supplemental material
S4.
In Fig. 4 the real part of the optical conductivity Re
σ(∆t, ω) is shown for the angles φ = 0, along the anti-
nodal direction, and φ = pi/4, along the nodal direction,
as a function of frequency ω and time delay ∆t. These
angles correspond to the maximal response angles in Tab.
I. Note that the probe pulse is applied in the same direc-
tion as the pump pulse.
For φ = pi/4 the symmetric A1gx2−y2 mode is excited,
and most of the weight is located at or above the gap.
For φ = 0 the low energy Higgs mode and the symmet-
ric mode are excited and the spectrum is dominated by
an in-gap response. Most importantly the signal oscil-
lates with respect to the time delay between pump and
probe pulse, reflecting the excitation of Higgs oscillations,
see supplemental material S5. Thus the angle-resolved
pump-probe experiments should be able to see Higgs os-
cillations in the optical conductivity, which can address
different oscillation symmetries depending on the inci-
dent angle.
IV. CONCLUSION
Summarizing we have introduced the concept of
nonequilibrium Higgs spectroscopy that allows to charac-
terize the ground state of superconducting condensates.
Our analytical calculations show, that depending on the
symmetry of the quench and of the gap function, low-
lying modes exist, which can be directly identified with
the different oscillations of the condensate. We intro-
duced a new notation to combine the information of the
ground state with the quench symmetry in order to dis-
tinguish the different Higgs oscillations. This analysis
is applicable for all superconductors and requires only
the knowledge of the symmetry of the crystal. It is a
natural extension of the group theoretical notation to
the case of nonequilibrium excitation of the system. To
exemplary demonstrate the approach, we fully charac-
terized all possible Higgs oscillations for the important
D4h point group, relevant for e.g. for high-temperature
cuprate superconductors. It is important to note that
we did not introduce additional energy scales nor other
degrees of freedom, such as sub-leading channels: the ob-
served oscillations and the corresponding frequencies are
intrinsic to the pure d-wave superconductor. Beyond our
analytical results, we showed that a realistic pulse can
excite these low-lying modes and that the Higgs oscilla-
tions should be observable in the optical conductivity of
a pump-probe experiment. These findings pave the way
for investigations and classifications of the dynamics of
known and unknown superconductors directly within the
framework of the presented Higgs spectroscopy.
In particular it opens the possibility to determine the
symmetry of the order parameter in systems that are dif-
ficult to access with momentum dependent probes oth-
erwise. This allows to trace the dynamics of the con-
densates directly rather than probing the pair breaking
dynamics via the absorption spectrum. In principle our
theory for Higgs spectroscopy is not limited to charac-
terize equilibrium condensates but may also be used to
investigate possible light induced superconducting states
in transient states of matter [47, 48]. Beyond that, Higgs
spectroscopy could also be extended to investigate collec-
tive excitations of non-superconducting, symmetry bro-
ken phases, such as order parameter oscillations in exci-
tonic insulators [49] or Higgs modes in antiferromagnets
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Methods
In order to compute the nonequilibrium response of the
superconductor we use the Anderson pseudo spin descrip-
tion and evaluate the Bloch equation numerically. The
linear analysis is based on an expansion of the Bloch
equation for small perturbations. The coupling to the
light field was implemented based on a semi-numerical
method which computes the time dependent Bogoliubov
quasi-particle densities as function of time. The equa-
tions are solved in a time independent Bogoliubov-de-
Gennes basis and derived from the Heisenberg equation
of motion. The pump-probe spectra of the optical con-
ductivity are obtained by calculating the response of the
pumped superconductor to a weak probe pulse.
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S1. EXTENDED METHODS
Model
The Hamiltonian we are investigating is given by,
HBCS = H0 −W
∑
k,k′∈W
f(k)f(k′)c†k,↑c
†
−k,↓c−k′,↓ck′,↑,
(S1)
H0 =
∑
k,σ
kc
†
k,σck,σ. (S2)
The normal state Hamiltonian was taken to be a free
electron gas with an effective mass m. The interaction
strength W is normalized to the system size. The energy
dispersion k is measured relative to the Fermi level. We
apply the BCS solution in order to describe the supercon-
ducting phase [S1]. The superconducting gap equation
reads
∆0,k = Wf(k)
∑
k′∈W
f(k′)〈c−k′,↓ck′,↑〉. (S3)
The sums in Eqs. (S1) and (S3) are taken over the setW
of all k vectors with |k| ≤ ~ωc, ωc being the frequency
cutoff. For a phononic glue, this corresponds to the Deb-
eye frequency. We can define a momentum independent
gap by
∆0 = W
∑
k′∈W
f(k′)〈c−k′,↓ck′,↑〉. (S4)
For s-wave superconductors the function f(k) is a con-
stant. In case of the D4h group the irreducible repre-
sentations for f(k) contain the basis functions in Table I
[S2].
In our calculations we assume, that the order parame-
TABLE I. Even parity basis functions for D4h point group.
A1g 1, (cos(kx)− cos(ky))2 − 1
A2g sin(kx) sin(ky) (cos(kx)− cos(ky))
B1g cos(kx)− cos(ky)
B2g sin(kx) sin(ky)
ter has full d-wave symmetry in the B1g channel. In the
ground state the expectation values for the electron and
quasi-particle distribution read〈
c†k,σck,σ
〉
= − k
2Ek
,〈
c−k,↓ck,↑
〉
=
∆0f(k)
2Ek
.
(S5)
Where Ek =
√
2k + |∆k|2 is the quasi-particle energy. In
our simulations we used the parameters ∆0 = 1.35 meV,
EF = 9470 meV and m = 1.9 me.
Anderson pseudo spin description
We define the Nambu-Gorkov spinors
Ψ~k =
(
ck,↑
c†−k,↓
)
(S6)
and the Anderson pseudospin [S3]
~σk =
1
2
Ψ†k~τΨk (S7)
where ~τ are the Pauli matrices. We rewrite the BCS
Hamiltonian to
HBCS = 2
∑
k
~bk · ~σk (S8)
with
~bk = (−∆(t)f(k), 0, k) (S9)
We assume a fixed phase of the gap ∆ ∈ R. For dx2−y2 -
wave we can approximate f(k) by
f(k) ≈ cos(2ϕ) (S10)
where ϕ is the angle of the k wave vector in polar coor-
dinates. The Bloch equation for the pseudo spins read
[S4]
∂t~σk = i [HBCS, σk] = 2~bk × ~σk. (S11)
At t = 0, we apply a state quench, i.e. we change the
state of the system suddenly, and choose
σxk(0) =
∆0f
′(k)
ω′k
, (S12)
σyk(0) = 0, (S13)
σzk(0) =
−k
ω′k
, (S14)
∆(0) = W
∑
k
f(k)σxk(0) = W
∑
k
f(k)
∆0f
′(k)
ω′k
, (S15)
where ω′k = 2
√
2k + ∆
2
0f
′(k)2 and f ′(k) is the change of
the symmetry of the state. For example, for an A1gx2−y2
quench the symmetry of the quantum quench is propor-
tional to cos(2ϕ). Note the the gap ∆(0) at t = 0 is
different from the equilibrium gap ∆0. For numerical
purposes we choose a gap value of 2∆0 = 2.7 meV. How-
ever all our computations can be rescaled to any energy
scale for the gap. The equations are then computed on
a finite size grid in momentum space.
Linear analysis
2To probe the different symmetry sectors, we add small
deviations to the basis function f(k) of the d-wave or-
der parameter in the distributions of Eq. (S5). Then we
calculate the time-dependence of the density expectation
values using the Heisenberg equation of motion. For ex-
ample for the B1gx2−y2 channel we evolve the system with
an initial f ′(k) given by
f ′(k)t=0 =
1
2
(cos(kx)− cos(ky))
+ δ
(
[cos(kx)− cos(ky)]2 − 1
)
(S16)
with δ  1. In order to gain an analytical insight into
the evolution of the nonequilibrium equation of motion,
we perform a linear analysis. We linearize the equation
of motion (eom) around this initial condition.
σαk (t) = σ
α
k (0) + δσ
α
k (t) (S17)
∆(t) = ∆(0) + δ∆(t) (S18)
The eom reads
∂tδσ
x
k(t) = −2kδσyk(t) (S19)
∂tδσ
y
k(t) = 2k
(
∆0f
′(k)
ω′k
+ δσxk(t)
)
+ 2∆(0)f(k)δσzk(t)
+ 2δ∆(t)f(k)
−k
ω′k
(S20)
∂tδσ
z
k(t) = −2f(k)∆(0)δσyk(t) (S21)
Going into Laplace space, we can solve the ensuing equa-
tions for the gap and end up with
δ∆(s) =
F2(s)
1− F1(s) (S22)
where
F1(s) = const−W
∑
k
f(k)2
4∆20f(k)
2 + s2
ω′k (s2 + 4
2
k + 4∆
2
0f(k)
2)
(S23)
F2(s) =
∆const
s
+
1
s
[
W
∑
k
f(k)(∆0f
′(k)−∆(0)f(k))
ω′k
s2 + 4∆20f(k)
2
s2 + 42k + 4∆
2
0f(k)
2
]
. (S24)
Note that const ∈ O(1) and ∆const ∈ O(f ′(k)− f(k)). We focus on the nominator and further evaluate
F2(s) =
∆const
s
+
U
s
∫ ∞
0
d
∫ 2pi
0
dϕ
f(ϕ)(∆0f
′(ϕ)−∆(0)f(ϕ))
2
√
2 + ∆20f
′(ϕ)2
s2 + 4∆20f(ϕ)
2
s2 + 42 + 4∆20f(ϕ)
2
=
∆const
s
+
U
s
∫ 2pi
0
dϕ
f(ϕ)(∆0f
′(ϕ)−∆(0)f(ϕ))√
s2 + 4∆20(f(ϕ)
2 − f ′(ϕ)2)
√
s2 + 4∆20f(ϕ)
2
· sinh−1
(√
s2 + 4∆20(f(ϕ)
2 − f ′(ϕ)2)
2∆0 |f(ϕ)|
)
(S25)
For simplicity, we make the usual assumption, that f only depends on the angle ϕ in polar coordinates of the Brillouin
zone. Without explicitly solving the integral over ϕ, we already see a low-energy scale emerging in the denominator.
This low energy scale corresponds to the low energy peak, as observed in the main text.
Quasi-particle density time evolution for pump pulses
The Hamiltonian describing the coupling between su-
perconductor and pump pulse, which brings the system
out of equilibrium, is modelled by
HLaser =
e~
2m
∑
k,q,σ
(2k+ q)Aq(t)c
†
k+q,σck,σ (S26)
+
e2
2m
∑
k,q,σ
∑
q′
Aq−q′(t)Aq′(t)
 c†k+q,σck,σ,
where Aq(t) is the transverse vector potential [S5, S6].
Working within the Coulomb gauge, the pump pulse is
3expressed in terms of the transverse vector potential
Aq(t) = Ape
−
(
2
√
ln 2t
τp
)2 (
δq,qpe
−iωpt + δq,−qpe
+iωpt
)
.
(S27)
The pump pulse is of Gaussian shape with photon fre-
quency ωp , photon wave vector qp , full width at half
maximum (FWHM) τp, and amplitudeAp. For our simu-
lations we consider various directions of the photon wave
vector qp and with this concomitantly various directions
of the quench induced by the pulse. In order to simu-
late the evolution of the system, we use methods based
on an expansion of Heisenberg’s equation of motion. For
the temporal evolution of the order-parameter we use
the density matrix formalism [S7]. The main task of
this technique is to derive equations of motion for quasi-
particle densities. Within this formalism it is advanta-
geous to perform a Bogoliubov transformation of the elec-
tron operators which diagonalizes the Hamiltonian HBCS
in the initial state. We introduce new fermionic operators
αk and βk, with
αk = u
∗
kck,↑ + vkc
†
−k,↓, β
†
k = −v∗kck,↑ + ukc†−k,↓,
(S28)
where vk = ∆0/|∆0|
√
(1− k/Ek)/2 and uk =√
(1 + k/Ek)/2. We emphasize that the coefficients uk
and vk do not depend explicitly on time, i.e., the tempo-
ral evolution of the quasi-particle densities is computed
with respect to a fixed time-independent Bogoliubov-de
Gennes basis in which the initial state is diagonal.
All physical observables, such as the order parameter
amplitude |∆k(t)| can now be expressed in terms of the
new Bogoliubov quasi-particle densities 〈α†kαk′〉, 〈β†kβk′〉,
〈α†kβ†k′〉, and 〈αkβk′〉. Applying the density matrix for-
malism for these quasi-particle densities, we get a closed
set of differential equations. However, in order to reduce
computational effort, all densities with |k − k′| > 4|qp|
are set to zero, because they only contribute in order
O (A5p). The ensuing differential equations are then
solved on a finite size grid in momentum space.
Optical conductivity
To calculate the optical conductivity, we calculate the
temporal evolution of the current density as function of
time delay
jqpr(∆t, t) =
−e~
2mV
∑
k,σ
(2k+ qpr)
〈
c†k,σck+qpr,σ
〉
(∆t, t)
− e
2
mV
∑
k,q,σ
Aqpr−q
〈
c†k,σck+q,σ
〉
(∆t, t),
(S29)
where V is the normalization volume and qpr is the wave-
vector of the probe pulse [S5]. We neglect the second
term, because it only leads to an offset of the imaginary
part of the optical conductivity. Then the optical con-
ductivity can be calculated [S6, S8] by computing
σ(∆t, ω) =
jqpr(∆t, ω)
iωAqpr(ω)
. (S30)
S2. MICROSCOPIC DESCRIPTION OF HIGGS
EXCITATIONS
The microscopic mechanism to excite Higgs oscillations
with an intense THz laser pulse is shown in Fig. S1. Note
that the external field couples in a nonlinear fashion to
the broken Cooper pairs of the superconducting conden-
sate [S9]. The time dependence of the propagating quasi-
particles corresponds to the time dependence of the su-
perconducting condensate. The transferred momentum
q is much smaller than the Fermi wave vector, |q|  |kF|.
Therefore the pulse is only breaking a small fraction of
the Cooper pairs but it does not lead to Fulde-Ferrel-
Larkin-Ovchinnikov (FFLO) oscillations. Note that this
diagram only describes, how the light breaks the Cooper
pairs. The actual calculation of the gap dynamics is com-
puted using an expansion of Heisenberg’s equation of mo-
tion for the quasi-particle densities.
Note that we make no assumptions on the actual glue
function. Within Higgs spectroscopy it is not possible to
distinguish different pairing mechanism, which can affect
the broadening of the Higgs oscillations. But the pres-
ence of the Higgs modes is independent of the pairing
and results only from the symmetry of the condensate.
FIG. S1. Feynmann diagram describing the elemen-
tary excitation mechanism of the Higgs oscillations
via a laser field The external laser field Aq(t) couples
quadratically to the broken Cooper pairs, which stem from
the superconducting condensate. Within the time-dependent
BCS theory, the condensate is described by the self-consistent
Hartree-Fock diagram.
4S3. COMPARISON BETWEEN ANALYTICAL
CALCULATIONS AND NUMERICAL RESULTS
Since we can not simplify the result (S25) further, we
calculated the gap dynamics of the linearized equation
numerically and compare it to the solution of the full
equation and the simulation with a light pulse in Fig. S2.
All solutions show a low energy peak, however the full
nonlinear equations further amplify the intensity of the
low energy mode. The pulse solution shows a stronger
broadening then the analytical calculations, but is in
qualitative agreement. Note that we do not expect quan-
titative agreement, since a quantum quench is different
from a laser pulse.
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FIG. S2. Comparison between full solution, the linear
analysis and the pulse solution of the d-wave Higgs
oscillations. Fourier transform of the gap oscillations for a
B1g
x2−y2 quench. Comparison between the full exact solution
and the linearized equations. Although the linear analysis
underestimates the low energy peak intensity, it is clearly vis-
ible.
S4. ANALYSIS OF REALISTIC PUMP PULSE
In order to verify, that our description of the experi-
mental pulse is valid, we performed measurements of the
electric field of a single cycle THz laser pulse. From the
theoretical parametrization in Eq. (S27) we deduced the
field E(t) and fitted it to the experimental results in Fig.
S3. The fit provides an excellent approximation to the
pulse used in experiment. In our simulations we rescaled
the pulse width to τ = 0.4 ps and the pump frequency to
~ωp = 3.0 meV to adjust it to the gap parameter used.
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FIG. S3. Comparison between experimental pulse
and theoretical parametrization. The electrical field of
a single cycle THz pump pulse as used in experiment. The
parameters of a fit with a Gaussian shape, as given in Eq.
(S27), are given by ~ωp = 1.33meV and τp = 1.63ps.
S5. FOURIER TRANSFORM OF THE OPTICAL
CONDUCTIVITY
The optical conductivity shown in Fig. 4 of the main
text, displays Higgs oscillations as function of time de-
lay ∆t between pump and probe pulse. In Fig. S4 we
analyze the Fourier spectrum of the oscillations, to ver-
ify that they correspond to the Higgs oscillations of the
gap. To achieve this, we fixed the frequency ω of the
optical conductivity and Fourier transformed the optical
conductivity as function of time delay ∆t. We denote
the corresponding frequency axis with ω′ to distinguish
it from the frequency ω. Clearly the optical conductivity
shows the same peak structure as the Higgs oscillations,
depending strongly on the incident angle φ. Thus the
optical conductivity serves as an efficient tool to perform
Higgs spectroscopy.
S6. FLUENCE DEPENDENCE OF THE GAP
FOR REALISTIC PUMP PULSES
Besides the angular dependence of the Higgs mode in
simulations with realistic pump pulses, it also depends on
the intensity of the pump pulse. In Fig. S5 the Fourier
transform of ∆(t) is shown for various pump pulse inten-
sities. The A1gx2−y2 Higgs mode depends on the asymp-
totic value of the order parameter. With increasing in-
tensity more and more quasi-particles are excited and
thereby the order parameter is reduced. Due to this
mechanism the frequency of the symmetric Higgs mode
decreases with increasing intensity. This behaviour is
similar to the s-wave superconductor [S10]. In contrast,
the frequency of the second mode at low energy is in-
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FIG. S4. Fourier transform in the delay time ∆t of
the optical conductivity for a d-wave superconductor
after a pump pulse. Fourier transform of the real part of
the optical conductivity for fixed frequency slices in Fig. 4
of the main text. The red and the blue line display Higgs
oscillations for a pump pulse with φ = 0. The red curve
corresponds to φ = pi/4.
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FIG. S5. Fluence dependence of the gap dynamics for φ = 0.
Fourier spectrum of the Higgs oscillations as a function of
energy and laser fluence. The curves indicate the position of
the peak at higher energies and of the lower-lying peak.
creased at higher fluence. But we can only observe this
mode as long as its energy is lower than the energy of
the first mode, because otherwise it can no longer be re-
solved. The direction of the frequency shift of the lower
mode can be understood by investigating the main result
in Eq. 5 of the main text. Here the low energy scale rep-
resents the second mode also visible in the pump-probe
calculation. For increasing strength of the quench, i.e.
intensity of the laser, the difference f(φ)2 − f ′(φ)2 in-
creases. This factor also determines the position of the
second mode in the energy domain. Thus with increasing
intensity the energy of the low energy mode is increased
as well.
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